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Abstract-The present paper examines the problem of a penny-shaped flaw which is located in the 
plane of an external crack in an isotropic elastic solid. The penny-shaped flaw is subjected to 
uniform internal pressure. The paper develops power series representations for the stress intensity 
factors at the boundary of the penny-shaped flaw and at the perimeter of the externally cracked 
region. These series representations are in terms of a non-dimensional parameter which is the ratio 
of the radius of the penny-shaped Raw to the radius of the externally cracked region. 

1. INTRODUCTION 

The stress analysis of a penny-shaped crack located in an isotropic elastic solid is a classical 
problem in linear elastostatics. It is also a problem of fundamental interest to the study of 
initiation and propagation of fracture in brittle solids. The classical studies of the penny- 
shaped flaw problem are given by Sneddon [ 1,2] and Sack [3] and detailed accounts of 
further developments in the stress analysis of penny-shaped defects located in elastic media 
are given by Sneddon and Lowengrub [4], Kassir and Sih [S] and Cherepanov [6]. These 
latter references contain complete accounts of problems in which the penny-shaped crack 
is subjected to arbitrary surface tractions. The class of problems in which the surfaces of 
the penny-shaped flaw is subjected to displacement dependent traction boundary conditions 
has been investigated by Selvadurai [7,8] in connection with the analysis of flaw-bridging 
in unidirectional fibre reinforced materials. Recently Selvadurai and Singh [9] have 
examined the problem where the surfaces of the penny-shaped crack are indented by a flat 
penny-shaped rigid inclusion. This particular problem is of interest to the study of 
indentation testing of brittle ceramic materials (Fett [lo]). 

In this paper we examine the problem of a penny-shaped crack located in an isotropic 
elastic solid which is weakened by an external crack situated in the plane of the penny- 
shaped crack (Fig. 1). The crack is subjected to uniform internal pressure of intensity p,,. 
The analysis of the axisymmetric mixed boundary value problem is achieved by employing 
a Hankel transform development of the governing field equations. The mixed boundary 
conditions yield a system of triple integral equations which are solved in an approximate 
fashion. The analysis of the problem concentrates on the evaluation of the stress intensity 
factors at the boundary of the penny-shaped crack and at the boundary of the externally 
cracked region. These stress intensity factors are evaluated in power series form in terms 
of a non-dimensional parameter which involves the ratio of the radius of the penny-shaped 
crack to the radius of the externally cracked region. 

It may be noted that due to the existence of the infinite crack and in view of the 
uniform loading, the principle of superposition does not hold for the problem examined. 
Consequently, the solution to the problem where the elastic solid is subjected to a 
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3. THE CRACK PROBLEM 

We refer to the isotropic elastic region [r@O, co); .ZE( - co, co)] which is bounded internally 
by a penny-shaped flaw of radius “a” and bounded externally by an external circular crack 
of radius “b”. The penny-shaped crack and the external crack are located in the plane 
z = 0. The penny-shaped crack is subjected to the uniform internal pressure po. Since the 
problem exhibits a state of symmetry about the plane z = 0, we can restrict our attention 
to a single halfspace occupying the region z 2 0 and denote by z = O+ the plane of 
symmetry associated with that region. The mixed boundary conditions relevant to the 
crack problem are as follows: 

flzz(r, o+) = -f(r) = -po; Ocr-ca (9) 

fJ&,o+) = 0; r>b 

u,(r,o+) = 0; a,<r<b (11) 

fJ,&, o+) = 0; I 2 0. (12) 

In order to examine the mixed boundary value problem defined by (9)-( 12) it is convenient 
to employ a solution of Love’s strain potential which 7 -1fJ&,o+)5w (boundary ) Tj
0  T  Tr 42   T  T TD asr -0.096  Tc 0.096  Tw (mixed ) Tj
 TD 3  Tr1 TD 3  Tn-0.0704  Tc 0.01 Tw (employ ) Tj
0  Tr 35.52 0  TD 3  Tr 0.0576  Tc -.0576  Tw (a ) Tj
60T  Tr 42 60T  T3  Hankel -0.16  Tc 0.160w (fJ&,o+) ) Tj
0  Tr 38.88 0  TD 3  r 0nsform  Tc 0.1085  Tw0  Tw ,<r<b f J & , o + )  value In f J & , o + )  boundary In o+) is I fJ&,o+) which 
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where 
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The system of triple integral equations defined 
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respectively. From (42), (43) and (44) it follows that 
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(45) 
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Using eqns (38) and (39) in (45) and (46) we obtain the following expressions for the stress 
intensity factors: 

K o=po O(c9) 1 we ( 4 3 )  ( 4 3 ) t 
 0   T r  2 6 . 8 8  w 3 e  
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APPENDIX A 

The second integral in (A2) is given by (see e.g. Gradshteyn and Ryzhik [19]) 

Hence 

I= --s 

Substituting the value of f2(t) given by (26) in (A4) we have 

Changing the order of integrations we have 
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